In this paper a strong relation is demonstrated between fork algebras and quasi-projective relation algebras. With the help of the representation theorem of quasi-projective relation algebras, a short proof is given for the representation theorem of fork algebras. The distinction between the two kinds of representation is not absolutely necessary for understanding the main contribution of this paper, therefore we postpone the description of this distinction to remark 0.10 at the end of the paper. In the main bulk of the paper we concentrate on weak representation. Hence for brevity, we often write representation instead of weak representation, hoping that context will help.
Fork algebras, due to their expressive power and applicability in computing science, have been intensively studied in the last four years. Their literature is alive and productive. See e.g. Veloso{Haeberer 
]).
The distinction between the two kinds of representation is not absolutely necessary for understanding the main contribution of this paper, therefore we postpone the description of this distinction to remark 0.10 at the end of the paper. In the main bulk of the paper we concentrate on weak representation. Hence for brevity, we often write representation instead of weak representation, hoping that context will help.
Several papers concentrate on giving a proof or an outline of proof for weak representability of fork algebras (e. Considering the fact that in a proper relation algebra U is the domain of Id, U is uniquely determined. We call U the base of the proper relation algebra.
We note that the unit element of a proper relation algebra is an equivalence relation over the base set. A relation algebra is representable if it is isomorphic to a proper relation algebra.
The class of all representable relation algebras is RRA.
A relation algebra is quasi-projective if its universe contains a pair of special elements p; q, that satisfy p ; p Id, q ; q Id, p ; q = 1. Here p; q are called quasi-projections.
An algebra A = hA; +; ; ?; 0; 1; ; ; ; Id; 5i is a pre-fork algebra if its fork-free reduct hA; +; ; ?; 0; 1; ; ; ; Idi is a relation algebra and equations (1) We note that xRy; xSz imply that hy; zi 2 R ; S E therefore (y; z) is de ned. If meets the requirement (y), then it sends the pair hy; zi to an element of the E-class of x (and so to that of y and z).
To prove the representation theorem of pre-fork algebras, we recall the following theorem from the literature. Theorem 0.2 (Tarski, 1941) Every quasi-projective relation algebra is representable.
This theorem was already used in Tarski We use that in RA we have Id = Id, 1 = 1, x = x, x; Id = Id; x = x. If we substitute (Id; 1; Id; 1) into (x; y; z; w) in (2), then we get p ; p = (Id 51) ; (Id 51) = (Id51); (Id51) = (Id; Id ) (1; 1 ) = Id (1; 1 ) Id. In a similar way we get q ; q Id.
((1; Id; 1; Id) should be substituted.) Finally, the substitution of (Id; 1; 1; Id) leads to p ; q = (Id; 1 ) (1; Id ) = 1.
Theorem 0.4 (Representation theorem of fork algebras) Every pre-fork algebra is isomorphic to a proper fork algebra.
Proof. Let A be a pre-fork algebra. By the previous theorem, the relation algebraic reduct of A is isomorphic to a proper relation algebra, say B with base U and unit element E, and there is a bijective function f between the universes of A and B that proves the isomorphism. With the help of f, B can be expanded to a pre-fork algebra B = hB; 5i by setting R 5 S def = f(f ?1 (R) 5 f ?1 (S)): Clearly, A and B are isomorphic algebras since f is an isomorphism between A and B . We will show that B is actually a proper fork algebra and so A is representable.
If we put (as we did in the proof of corollary 0. For any R; S 2 B R 5 S = fhx; (y; z)i j x; y; z 2 U; xRy; xSzg:
Proof. Fix R; S 2 B. Then R 5 S = (R; p ) \ (S; q ) by (1) of de nition 0. On the other hand, let x; y; z 2 U; xRy; xSz. Then hy; zi 2 E. Let u = (y; z). Therefore hy; ui 2 p ; hz; ui 2 q so hx; (y; z)i 2 (R; p ) \ (S; q ) = R 5 S.
In papers discussing fork algebras, the notion of a representable fork algebra is de ned in various ways. In the sense of 2] the representable fork algebras do not form an e ectively axiomatizable class. Hence not all fork algebras are representable in the sense of that paper. The same applies to e.g. 21] . This was proved in 16] explicitly and in 15], 17] implicitly.
On the other hand, in the sense of 8] all fork algebras are representable, since representability in 8] coincides with our weak representability. Let A be a pre-fork algebra in which the formula 0 6 = x ) 1; x; 1 = 1 is valid. Then A is isomorphic to a proper fork algebra with square unit element. (That is, its unit element is U U, where U is the base set.)
Proof. Assume that the formula is valid in A. Then the formula forces the relation algebraic reduct of A, say C, to be simple. (See e.g. 13].) Since any simple quasiprojective relation algebra is isomorphic to a proper relation algebra with square unit element (see 20]), we conclude that there is a proper relation algebra B with square unit element isomorphic to C.
The same way we did in the proof of theorem 0.4, B can be expanded to a proper fork algebra B that is isomorphic to A, as desired.
At the end of this paper we would like to quote from the mathematical literature a description of the di erent types of representation theorems. Remark 0.10 (On weak and strong representability) Since we are dealing with representability of algebras, Tarski's views on what a satisfactory representation theorem should look like seem to be relevant to quote here. In this connection 12, 2.7.46, pp. 459{461] distinguish (strong) representability and weak representability in the following way.
A class K 1 of algebras is called abstract if it is closed under taking isomorphic copies.
In contrast, a class K 2 is concrete if for any A; B 2 K 2 whenever A and B have the same universe, then A = B. In mathematics, (strong) representation theorems are of the following form. An abstract class K 1 of algebras is considered together with a concrete class K 2 K 1 . Now, a (strong) representation theorem says that every algebra in K 1 is isomorphic to a member of K 2 .
In some cases, when strong representation theorems are not available, weak representation theorems are used as a useful substitute. In weak representation theorems, instead of requiring K 2 to be concrete, the operations of K 2 are represented in terms 795 of a third class K 3 of abstract structures. The di erence is that while strong representation theorems bridge the gap between abstract and concrete by interpreting an abstract class K 1 in a concrete one K 2 , weak representation theorems interpret an abstract class K 1 in another abstract class K 3 only.
In case of (strong) representation theorems the members of K 2 are called proper members of K 1 . In case of weak representation theorems they are called weakly proper.
In discussion quoted above, the J onsson{Tarski representation of Boolean Algebras with Operators is mentioned as an example for a weak representation theorem. 12, p. 460] In the weak representation theorem of pre-fork algebras (that was proved in the present paper) the underlying abstract class K 3 is K 3 = fhU; i j U is a set; : U U ! U is an injective functiong:
In view of the above discussion, one could call strong representation absolute representation and weak representation relative representation. The reason for this is that a weak representation theorem represents the abstract class K 1 relative to (or in terms of) a second abstract class K 3 . A point in weak representation theorems is that K 3 usually is a simpler (or more basic) class than K 1 .
